The study shows models defining the relationship between the fatigue life and the stress amplitude. The first models have been developed at the beginning of the 20th century; however, new models are still being developed. The author decided to compare the most commonly used model, i.e. a linear regression model and the two models discussed in ISO-12107. The comparison also included some recently developed models, i.e. Strohmeyer, Basenaire, Castillo et al., Kohout and Vechet, Leonetti et al., and Pasual and Meeker model, including its modified version. The fatigue data for S355J2+C and AISI 1045 steel were used for the comparison. The best estimate of the fatigue life was obtained by using the modified Pasual and Meeker model.
Introduction
The first fatigue tests were carried out in the 19th century by Wöhler. Test results are generally presented as a simple regression as proposed by Basquin in 1910 (Schütz, 1996) . However, new models defining the relationship between the fatigue life and the load in a high-cycle fatigue range are still being developed. The Basquin suggestion is usually expressed as (ISO-12107, 2012) log N = m log(S a ) + a (1.1) where N is the fatigue life, S a is the stress amplitude, m and a are regression line coefficients, i.e. the direction coefficient and the intercept coefficient, respectively. It is commonly used due to its simplicity and a low number of coefficients. An example use of the model can be found in Skibicki (2007) . Tests showed, however, that a straight line does not necessary reflect changes in the fatigue life due to load, in particular, in the fatigue limit region. Thus, other models defining those effects were developed. ISO-12107 (2012) where E is the fatigue limit, A, B and C are model parameters. Several other models are available. The models with detailed description can be found in Castillo and Fernández-Canteli (2009), Weibull (1961) and Szala and Ligaj (2011) . The analysed models can be placed into one of three groups. The first group includes models describing a limited fatigue life range only. Those models describe materials that do not show a fatigue limit, i.e. aluminium and titanium alloys, etc. The material characteristics were discussed in Tomaszewski and Sempruch (2017) , where the scatter of the test results for 10 6 cycles did not exceed the scatter for a shorter fatigue life. The next group includes relationships defining the high-cycle region and the fatigue limit. The models best define the characteristics of materials similar to steel and are most often used in the design of machine components, e.g. hammer mill described in Bochat et al. (2015) . The last group describes the complete characteristic, i.e. the low-cycle region, the high-cycle region and the fatigue limit. Those tests can be found in Szala and Ligaj (2012) . The first group also includes Eq. (1.1). The second group includes the Strohmeyer model, and the last group includes the Basnaire model.
The study compares the models recommended in ISO-12107 (2012) and the models presented recently in the literature, i.e. in the last three decades. Two steel grades were compared, i.e. S355J2+C and AISI 1045. A similar verification was carried out by Kurek et al. (2014) , however that study did not cover the most recent methods.
The first model selected by the author was the relationship presented by Castillo et al. (1985) , which can be expressed as
where β, δ and λ are the Weibull distribution parameters, i.e. shape, scale and location parameter for zero probability, N 0 is the limit value for the number of cycles and S 0 is the limit value for the stress amplitude. The model can also be expressed as a cumulative Weibull distribution function
Another model selected by the author is a model developed by Pascual and Meeker (1999) , expressed as follows
where Φ is a normal distribution function, Φ −1 is the invert of the normal distribution function, σ E is the standard deviation for the fatigue limit and σ N is the standard deviation for the limited fatigue life. Castillo and Fernández-Canteli (2009) included a remark that this model is identical to the model suggested by Strohmeyer, which may lead to false conclusions. The form of equation (1.6) is the result of a transformation of equation (1.2) by introducing two probability distributions instead of one. The first distribution applies to the fatigue life in the high-cycle range and the second distribution applies to the fatigue limit. Since in the Strohmeyer model the lowest stress amplitude must be higher than E, the value cannot be considered to be a fatigue limit, which is not the case in the Pascual and Meeker model. The comparison also included the Kohout and Vechet (2001) model, expressed as follows
where B and C are parameters determining the fatigue life at the point of inflection in the low and high-cycle range, whereas b is the reciprocal of the direction coefficient from Eq. (1.1). The relationship combines the linear regression from Eq. (1.1) and two asymptotes corresponding to the tensile strength and the fatigue limit.
A new model has recently been presented by Leonetti et al. (2017) log
where p is a parameter corresponding to curvature of the transition curve from the limited fatigue life range to the fatigue limit range. The last compared model is modified equation (1.6) proposed by , expressed as follows
where F W is a 2-parameter and 3-parameter Weibull distribution function expressed as
where α ν is a shape parameter for the fatigue life, β(S) is a scale parameter depending on the stress amplitude and expressed as n log(S) + d, ζ(S) is a location parameter depending on the stress amplitude and expressed as l log(S) + e, α z is a shape parameter for the fatigue limit and β z is a scale parameter for the fatigue limit. It is the Pascual and Meeker model modified by replacing the normal distribution with the 3-parameter Weibull distribution for the limited fatigue life range and with the 2-parameter distribution for the fatigue limit. Also, introduction of the scale and the location parameter variability for the fatigue life distribution (Eq. (1.10)) makes the description of the fatigue life scatter dependent on the load level.
Experimental methods and results
The fatigue data for constructional steel S355J2+C were used in the comparison. The material was purchased as a 10 mm dia. drawn rod. The specimens were prepared as illustrated in Fig. 1 .
The tests were performed using the rotating bending test station, verified in Strzelecki and Sempruch (2012) . The load frequency used was 28.5 Hz. The tests were planned in accordance with the requirements laid down in ISO-12107 (2012) . Out of 40 tests, 15 tests were used for the staircase method to determine the fatigue limit. Figure 2a shows the test results. Table 1 shows the mechanical properties of the material. Figure 2b shows the results. 
Comparison of models and discussion
The model parameters were determined using the maximum likelihood estimation. The following likelihood function was used for the Strohmeyer, Bastenaire, Kohout and Vechet models
where ν Sa is a relationship proposed by the model. The following function was used for the other models
where g is a probability distribution used by the model, G is a probability distribution function used by the model and δ i is a value equal to 1 or 0 for cracked and runout specimens, respectively. Detailed information on the estimation method based on those functions can be found in Pascual and Meeker (1999) An error between the obtained characteristics and the experimental fatigue life was determined to compare the models. The following formula was used
where N e is the experimental fatigue life, N p is the fatigue life estimated using each model. This method to calculate the error of fatigue life estimation was presented in Strzelecki and Sempruch (2016). The difference consists in changing the error calculation range from the constant fatigue life determined experimentally to the entire range of the results. Figures 5 and 6 show the calculation results as histograms. The parameters of the Weibull distribution defining the fatigue life estimation error for different models were also estimated. Tables 2 and 3 show the calculation results. Since the distribution must include a variable larger than zero, a value of 10 was added to the error value B l . This distribution was chosen, since some of the histograms are clearly skewed, e.g. Fig. 5a, Fig. 5d and Fig. 6c . Using a normal distribution in those cases, the Shapiro-Wilk test gave the basis to dismiss the hypothesis stating that the distribution of the errors is normal. Figures 5i and 6i show the Weibull distributions. To validate the use of this distribution, the Chi-square (χ 2 ) test was carried out with the results shown in Tables 2 and 3. For all χ 2 tests, the obtained p-value was higher or equal to 0.05, indicating that the hypothesis was correct and the errors were characterized by the Weibull distribution (Table 4 ). Low p-values were usually observed in histograms with an empty interval. In those cases, the number of classes in the χ 2 test was reduced. Based on those distributions, the average values and the standard deviation were calculated. Table 5 shows the results. The average value was reduced by 10.
The lowest fatigue life estimation error was obtained for the linear model (Basquin), however, the fatigue life was compared to 10 6 cycles only. Thus, this model should not be included in the comparison. The comparison of other models shows that the average error closest to zero can be observed in the modified Pascual and Meeker model for both materials. The lowest standard deviation for S355J2+C steel can be observed in the Strohmeyer model, and in the modified Pascual and Meeker model for AISI 1045 material. The coefficients of determination were also calculated for each model for comparison. The following formula was used (ISO-12107, 2012)
where N i is a value estimated by the model, N is an average fatigue life for all observations.
The comparison of the coefficients of determination shows that for S355J2+C, the best results could be obtained by using the Strohmeyer model and the modified Pascual and Meeker model. 
Summary and conclusions
A comparison of the selected S-N curve models shows that the Castillo et al. and the Leonetti et al. models yield the worst results. In the case of the latter method, a modification of the Strohmeyer model did not improve the accuracy of the fatigue limit estimation and had the opposite effect. An increase in the number of parameters made the estimation even more difficult. Based on the Castillo et al. model analysis, using a 2-parameter Weibull distribution instead of a 3-parameter distribution might facilitate the estimation of the model parameters. Finally, there was a question of the applicability of the λ location parameter, since two parameters i.e. N 0 and S 0 , corresponding to the zero probability of the fatigue life and the stress amplitude, respectively were already used.
The comparative analysis of the models describing a complete S-N curve (Bastenaire, Kohout and Vechet) showed that the estimation error for those models was higher compared to the models describing the high-cycle fatigue and the fatigue limit. It may be due to using the data from a fatigue life range between 10 4 and 10 7 cycles. Thus, the models must only be used if the S-N curve was used to predict the fatigue life in the low and high-cycle range.
The modified Pascual and Meeker model and the original Pascual and Meeker model yielded the best results. However, due to its simplicity and a similar estimation error compared to the modified model, it was recommended to use the original Pascual and Meeker model. The original Pascual and Meeker model should not be used for calculations at low probability, i.e. below 5% due to using normal distribution, which is not recommended in accordance with ASTM E-739-91 (2006).
The modified Pascual and Meeker model uses 7 coefficients, i.e. 4 more coefficients than the simplest model. Equation (1.1) has two coefficients; however, using the normal distribution to determine the fatigue life also allows one to determine the standard deviation. These parameters allowed one to estimate the fatigue life with a higher accuracy. It is also possible to produce reliable S-N curves for low failure probability, even below 5%, as discussed in . A theoretical fatigue life at which no failure will occur can also be determined.
